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Abstract 

In this review we discuss interrelations between classical Hitchin integrable systems, mon- 
odromy preserving equations and topological field theories coming from N=4 supersymmetric 
Yang-Mills theories developed by Gukov, Kapustin and Witten. In particular, we define the 
systems related to bundles with nontrivial characteristic classes and discuss relations of the 
characteristic classes with monopole configurations in the Yang-Mills theory. 
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1 Introduction 

This brief review is my tribute to Lev Borisovich Okun. He inspired my interest to group- 
theoretical methods in gauge theories. 

There are many aspects of interrelations between finite-dimensional integrable systems and 
gauge theories. For quantum systems see [H [21 [3] and references therein. Here we consider this 
connection in the classical case, which was described first in two fundamental papers of Hitchin 
[U [5] . It was demonstrated there that the self-duality equation can be used to derive a wide 
class of finite-dimensional classical integrable systems - the so-called Hitchin systems, as well 
as their non-autonomous version - the monodromy preserving equations. We will consider this 
construction here in details. Later it was shown that some well-known integrable systems can 
be derived in this way[6l[71[8l|9llini[IIl[l2lll3]. 

It was found recently that this construction appears in the reformulation of the geometric 
Langlands program in terms of = 4 SUSY Yang-Mills theory [T31 ISl [16] . As a by product, it 
was demonstrated in [2] that some important equivalence in integrable systems - the so-called 
the Symplectic Hecke Correspondence [12| can be explained in terms of the t'Hooft operators. 
It be a subject of the last parts of the paper. 

Acknowledgments. 

The work was supported by grants RFBR-09-02-00393, RFBR-09-01-92437-CEq, NSh-3036.2008.2. 



2 Classical Integrable Systems 
2.1 Integrability 

We consider here the integrable systems of classical mechanics |17) . In this case the notion of 
complete integrability can be formulated correctly, while in a field theory there are subtleties in 
its definition. 

Consider a smooth symplectic manifold TZ of dim(7^) = 2n. It means that there exists a 
closed non-degenerate two- form oj, and the invcrsG biv6ctor tt (u^a ^bTT = 6^), such that the space 
of smooth functions C^ilZ) becomes a Poisson algebra with respect to the Poisson brackets 

{F, G} = {dF\TT\dG) = daFi^^^dbG = daFir^^dbG . (2.1) 

In terms of the bi-vector vr"^ the Jacobi identity for the brackets assumes the form 
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Example 1 

For 7^ = M2n ^ |(^^^^ _ _ _ ,p„,gi, . . . ,g„)} define 



TT 



E 
-E 



Then (j2.1|) is the Darboux brackets. These brackets can be defined locally on any cotangent 
bundle T*M to a manifold M (dim M = n), where {{pi, ■ ■ ■ ,Pn, Qi, ■ ■ ■ , Qn)} are local coordi- 
nates. 

Example 2 

Consider a Lie algebra g and let {ca , a = 1, . . . n} (n = dirriQ) be the set of its generators with 
the commutation relations 

[Ca, Efc] = Cab^c ■ 

Let 0* be dual to g space (the Lie coalgebra) with respect to a pairing ( , ). Define a basis {E''} 
in g* such that 

Let F{S), G{S) (S = SaE^) be two functions on g*. Their variations d-F, are elements 
of g defined as 

F{S + e) = F{S) + {e,dF{S)). 

Define the Poisson brackets as 

{F(S),G(S)} = (S,[dF(S),dG(S)]). 

The Jacobi identity for them follows from the Jacobi identity for g. In particular, for the linear 
functions 5a = (S,ea) we find 

Thus, we come to the linear (Lie- Poisson) brackets on g*. These brackets are degenerated. 
The Casimir functions Cs Poisson commute with functions on g*. The variety Cs = const is a 
coadjoint orbit (|A.lip . It is a symplectic manifold with the form 

uj = {5iSog-')A5g). (2.2) 



Any H £ C°^{TZ) defines a Hamiltonian vector field on TZ 

H {dH\n = daH^'^^di) = {H,}. 
A Hamiltonian system is a triple {TZ, vr, H) with the Hamiltonian flow 

dtx" = {H, x"} = dbHn'"' . 
A Hamiltonian system is called completely integrable, if it satisfies the following conditions 

• there exist n Poisson commuting Hamiltonians on TZ (integrals of motion) /i, . . . ,/„ 

• Since the integrals commute the set 

T, = {Ij = Cj, (j = l,...,n)} (2.3) 

is invariant with respect to the Hamiltonian flows {Ij, }. Then being restricted to Tc , 
Ij{x) should be functionally independent, i.e. det{dalb){x) ^ for almost all x S Tc. 
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In this way we come to the hierarchy of commuting flows on TZ 

5t^x = {/,(x),x}, (i = l,...,n). (2.4) 

Tc (j2.3|) is a Lagrangian submanifold Tc C TZ, i.e. uj vanishes on Tc- If Tc is compact and 
connected, then it is diffeomorphic to a re-dimensional torus. Torus Tc is called the Liouville 
torus. Locally there is a projection 

p : TZ^ B, (2.5) 

where the Liouville tori are generic fibers and the base of fibration B is parameterized by the 
values of the integrals. The coordinates on a Liouville torus ("the angle" variables) along with 
dual variables on B ("the action" variables) describe a linearized motion on the torus. Globally, 
the picture can be more complicated. For some values of Cj Tc ceases to be a submanifold. In 
this way the action-angle variables are local coordinates. 

Here we consider a complex analog of this picture (see, for example, [18j). We assume that 
7^ is a complex algebraic manifold and the symplectic form cj is a (2, 0) form, i.e. locally in the 
coordinates {z^, z^, . . . , z'', z') the form is represented as u; = uJa^bdz"' ^dz^ . General fibers of ()2.5p 
are abelian subvarieties of TZ, i.e. they are complex tori C'/A, where the lattice A satisfies the 
Riemann conditions [20J. Integrable systems in this situation are called algebraically integrable 
systems. 

2.2 Lax representation 

The commonly accepted method for constructing and investigating integrable systems is based 
on the Lax representation. What is imported for us is that it reveals interrelations between 
classical integrable systems and gauge theories. 

Let g be a simple finite dimensional Lie algebra. The dual space q* can be identified with 
g by means of a fixed Killing form ( , ). Introduce an additional parameter z £ C It is called 
the spectral parameter. The Lax matrix L(x, z) belongs to g* and depends on z and on the 
dynamical variables x. Consider the integrable hierarchy ()2.4p . Assume that the commuting 
flows ()2.4p can be rewritten in the matrix form 

dt^L{x,z) = [L(x,z),M,(x,z)], (2.6) 

where Mi(x, z), . . . , Mn{x, z) be a set of n matrices in the adjoint representation of g. 

The system (j2.6p looks over-determined since since we have infinite number of equations 
upon expanding L(x, z) and Mj(x,z) in Laurent series in z. In fact, as it will be explained 
later, L(x, z) and Mj{x, z) are defined globally as meromorphic functions (more exactly sections 
of adjoint bundles) on a Riemann surface of genus g. The space of this sections is finite- 
dimensional and coincides with the phase space TZ. 

Let two integrable systems be described by two isomorphic sets of the action-angle variables. 
In this case the integrable systems can be considered as equivalent. Establishing equivalence in 
terms of angle-action variables is troublesome, but in terms of ()2.6p there it takes the form of 
the gauge equivalence. Let / be a non-degenerate z-dependent matrix. The transformation 

L' = r'Lf, M'^=f-^dtJ + f-'Mjf. (2.7) 

is called the gauge transformation because it preserves the Lax form (|2.6p . The fiows ()2.6p can 
be considered as special gauge transformations 

L{ti,...,ti) = f-\ti,...,ti)Lof{ti,...,ti), 
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where Lq is independent on times and defines an initial data, and Mj = f dt^f- Moreover, it 
follows from this representation that the quantities tr(L(x, z))-' are preserved by the flows and 
thereby can produce, in principle. Poison commuting integrals of motion. In what follows we 
will construct L in a such way that that tr(L(x, z)y being expanded in the basis of meromorphic 
functions on T,g become commuting integrals. 

As we mentioned above, it is reasonable to consider two integrable systems to be equivalent 
if their Lax matrices are related by a non-degenerate gauge transformation. 

The gauge invariance of the Lax matrices allows one to define the spectral curve 

C = {(A e C , z G S) I det(A - L(x, z)) = 0} . (2.8) 

The Jacobian of C [20] is an abelian variety of dimension g, where g is the genus of C. If 
g = n = ^ dim TZ then plays the role of the Liouville torus and the system is algebraically 
integrable. In generic cases g > n and to prove algebraic integrability one should find additional 
reductions of the Jacobians, leading to abelian spaces of dimension n. 

3 Holomorphic bundles over Riemann surfaces 
3.1 Global description of holomorphic bundles 

Consider a Riemann surface of genus g. Let 7ri(Sg) be a fundamental group of S^. It has 2g 
generators {aa,ba} , corresponding to the fundamental cycles of with the relation 

g 

Y{[ba,aa] = l, (3.1) 

where [6o,ao] = baCiaba^a^^ is the group commutator. 

Consider a finite-dimensional representation vr of a simple complex Lie group G in a space 
V. Let Eg is a principle G-bundle over Sg. We define a holomorphic G-bundle E = Eq XgV 
over Eg using 7ri(Sg). The bundle E has the space of sections r(£') = {s}, where s takes values 
in V. Let /> be a representation of vri in V such that p(7ri) C tt{G). The bundle E is defined by 
transition matrices of its sections around the fundamental cycles. Let z E Sg be a fixed point. 
Then 

s{aaz) = p{aa)s{z) , s{bi3z) = p{bf3)s{z) . (3.2) 

Thus, the sections are defined by their quasi-periodicities on the fundamental cycles. Due to 
(jS.ip we have 

g 

l[[p{b^),p{aa)]=Id. (3.3) 

a=l 

The G-bundles described in this way are topologically trivial. To consider less trivial situation 
one should consider G-bundles where G has a non-trivial center. Centers of simple Lie groups are 
finite abelian groups (see Table 1. in Appendix). Let G be a complex simple simply-connected 
Lie group. It can have a maximal nontrivial center. The centers are cyclic groups except 
Spin4„(C). The factor group G"'^ = G/Z{G) is the adjoint group. The most known example is 
G=SL(2,C). Its compact form is SU(2) and the center is fi2 = Z/2Z generated by the diagonal 
matrix diag(-l, -1). C"^ =SU(2)/^2 =S0(3). 

The adjoint representations of G and G"'^ coincide. In the cases An-i , (n is a prime number), 
Bn, Gn, Eq and £'7 only G and G"''^ there are only G and G""^ two groups with the same Lie 
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algebras. In the rest cases there exist intermediate groups Gad C G C G, since Z{G has a 
non-trivial subgroups and one can factorize G with respect to these subgroups. Consider, for 
example, G = Spin/^ni'^)- It has a non-trivial center 

Z{Spinin) = (Ai2 X ^^2) , = Z/2Z , (3.4) 

where three subgroups can be described in terms of their generators as 

/.^ = {(1,1), (-1,1)}, /if = {(1,1), (1,-1)}, /zf^ = {(1,1), (-1,-1)}. 

Therefore there are three intermediate subgroups between G = SpifiiniC) and G"*^ 

Spin4^n 

/ i \ 

Spinf^ = Spiuin/T^ SO{An) = Spirnn/T'^'''^ Spin^^ = Spin^n/T^ (3.5) 

\ i / 

G"'^ = SO{4n)/{fi^ X fi^) 

Assume now that G has a non-trivial center 2(G). Let C G 2(G). Replace p.3p by 

9 

l[[p(b^),p(a^)]=C. (3.6) 

a=l 

Then the pairs (p(aa), p(hp))^ satisfying ()3.6p cannot describe transition matrices of G-bundle, 
but can serve as transition matrices of G"*^ = G/-Z(G)-bundle. The bundle E in this case is 
topologically non-trivial and C, is called the characteristic class c(E) of 

For Spin^n bundles c(E) = in (|3.6|) can be chosen as elements from three subgroups p,^, 
p^, or /Lt*^*"^. Then they give rise to three characteristic classes that are obstructions to lift 
Spinf^, Spin^^ and 50(47;,) bundles to Spin^n (see (j3.5p ). The latter obstruction is related to 
the Stiefel- Whitney characteristic class [19] . 

The transition matrices can be deformed without breaking ()3.3p or (j3.6p . Among these 
deformations are the gauge transformations 

p(acx) f'^p(aa)f , p(bf^) f~^p(bf3)f • 

The moduli space of holomorphic bundles Mg are the space of deformations defined up to the 
gauge transformations. Its dimension is independent on the characteristic class and is equal 

dim(7Wg) = (5- l)dim(G). (3.7) 

It means that the nonempty moduli spaces arise for the holomorphic bundles over surfaces of 
genus g > I. 

To include in the construction the surfaces with (7 = 0, 1 consider a Riemann surface with n 
marked points and attribute E with a special structure at the marked points. Let -B be a Borel 
subgroup of G. We assume that the gauge transformation / preserves the flag variety Fl = G/ B 
(see Appendix). It means that f £ B at the marked points. It follows from (jA.lOp that 

I 

dim (Mg,n) = (5 - 1) dim (G) + n dim (Fl) = (g - 1) dim (G) + nj^idj - 1) ■ (3.8) 

i=i 

^Strictly speaking the characteristic class is element of the cohomology H^{T,g, Z{G)). But in fact 
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In the important for applications case g = 1, n = 1 dim (A^g,i) = dim (Fl). 

Holomorphic sections can be described in another terms by a connection = d+A. Assume 
that A has the quasi-periodicities 

dAia^z) = P'^{aa)dA(z)p{aa) , d^ib^^) = P~^{bp)dA{z)Pi^p) ■ (3-9) 
The holomorphic sections are those that are annihilated by 

(i^s = 0. (3.10) 

3.2 Local description of holomorphic bundles and modification. 

There exists another description of a holomorphic bundles over Sg, described, for example, in 
[21]. Let wq be a fixed point on and D^q (D^^) be a disc (punctured disc) with a center wq 
with a local coordinate z. Consider a G-bundle E = Eg XqV over T,g. It can be trivialized 
over D and over 'Eg \ wq. These two trivializations are related by a G transformation 7r(g'), 
holomorphic in D^^, where D^q and \ wq overlap. If we consider another trivialization over 
D then g is multiplied from the right hj h £ G. Likewise, a trivialization over T,g \ wq is 
determined up to the multiplication on the left g ^ hg , where E G is holomorphic on 'Sg\wQ. 
Thus, the set of isomorphism classes G-bundles are described as a double-coset 

G{^g\wo)\G{D:^^)/G{D^o), (3.11) 

where G(U) denotes the group of G-valued holomorphic functions on U. 

To define a G-bundle over T,g the transition matrix g should have a trivial monodromy 
around wq g{ze'^'^^) = g(z) on the punctured disc -D^^. But if the monodromy is nontrivial 

g{ze^n = C9{z) , Q £ Z{G) , 

then g{z) is not a transition matrix. But it can be considered as a transition matrix for the 
G^'^-bundle, since in the group G"''^ the center does not act. This relation is similar to p.6p . 

Our aim is to construct a new bundle E with a non-trivial characteristic from E. This 
procedure is called a modification of bundle E. Smooth gauge transformations cannot change 
a topological type of bundles. The modification is defined by a singular gauge transformation 
at some point, say wq. Since it is a local transformation we replace T^g by a sphere Sq = CP^, 
where wq corresponds to the point z = on CP^. Since z is local coordinate, we can replace 
G{T,g \ Wq) in ()3.1ip by the group G{C{{z))). It is the group of Laurent series with G valued 
coefficients. Similarly, G^D.^^) is replaced on G(C[[2:]]). It is a power series. It is clear from this 
description of the moduli space of bundles over CP^ that it is a finite dimensional space. 

Transform g{z) by multiplication from the right on h{z) g{z) g{z)h{z) that singular at 
z = 0. It is the singular gauge transformation mentioned above. Due to definition of g{z), h{z) 
is defined up to the multiplication from the right on f{z) G G(C[[z]]). On the other hand, since 
g{z) is defined up to the multiplication from the right on element G(C[[2;]]), h{z) is element of 
the double coset 

G{C[[z]])\G{C{{z)))/G{C[[z]]). 

In particular h{z) is defined up to conjugation. It means that as a representative of this double 
coset one can take a co-character ()A.2ip h{z) G t{G). 

g{z)^g{z)z\ {z^=e{\n{zm, (3.12) 
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where 7 belongs to the coweight lattice (7 = (mi,m2, . . . ,mi) G P^) (|A.5p . The monodromy 
of z'^ is an element of 2(G) (jA.24p . In this way we come to a new bundle E with a non- 
trivial characteristic class. The bundle E is called the modified bundle. It is defined by the new 
transition matrix ()3.12p . If 7 G then C = 1 s-^id the modified bundle is trivial. 

This transformation of the bundle E corresponds to transformations of its sections E 

T{E)^r{E), (H(7) ~7r(z"i,z"^..z'"0)- (3-13) 

We call this modification of type 7 = (mi,m2, . . . ,mi). Another name of the modification is 
the Hecke transformation. Usually the algebra of functions on double coset of type K \ G/K 
is called a Hecke algebra. The case G = SL(2,Q) and K = SL(2,Z) leads to the abstract ring 
of Hecke operators in the theory of modular forms, which gave the name to Hecke algebras in 
general. In field-theoretical terms the Hecke transformation corresponds to the t'Hooft operator, 
generating by monopoles (see below). 

Consider the action of modification on sections ()3.13p in more details. Choose a Cartan 
subalgebra ^ in g and the corresponding weight basis {{vi), . . . , |z^a/)) in V (M = dim (V)). It 
means that for x £ Sj 7r(x)|i/j) = (x, The weights belong to the weight diagram defined 

by the highest weight G P of vr 

iyj = i^- S™"*" ' e Z , > . (3.14) 

Let us choose a trivialization of E over D by fixing this basis. Thereby, the bundle E over D 
is represented by a sum of line bundles £.1 (B J~-2 (B . ■ ■ (B Cm- Cartan subgroup TC acts in this 
basis in a diagonal way: for s = (|z^i), . . . , \i^m)) 

iT{h) : {vj) e(x, , h = e (x) , x G ^ , (©(x) = exp (27rix)) . 

Assume for simplicity that in (|3.12p g{z) = 1. Then the modification transformation (j3.13p of 
the sections assumes the form 

H(7) : ^ z^^^-'^^lu,) , j = l,...,M. (3.15) 

It means that away from the point z = where the transformations are singular sections of E 
is the same as E. But near z = they are singular with the leading terms {vj) ~ CjZ~^"'''^^\ 

It sufficient to consider the case when 7 = is a fundamental coweight and vr is a funda- 
mental representation = Wk. Then from ()3.14p we have 

^(T.i'j) = 2^'^''''^'="^"™GnC™a7n> _ 

The weight Wk can be expanded in the basis of simple roots zuk = Ylk-^kmOtm, where Ajk is 
the inverse Cartan matrix [AjkOki = Sji). Its matrix elements are rational numbers with the 
denominator = ord{Z). Then from (|A.5p 

^(7,^,) =^A,k-c) ^ 4 GZ. 

It implies that the modification can produce a non-trivial branching of sections z^'^''^^'^ ~ z^** 
if Aif^ is non-integer. Note, that the branching does not happen for C'^-bundles, because the 
corresponding weights i^j belong to the root lattice Q and thereby (7, vj) G Z. 

It is possible to go around the branching by multiplying the sections on a scalar matrix of the 
form diag(z~^*'=, . . . , z~^^''). This matrix no longer belongs to the representation of G, because 
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it has the determinant z~ {M = dim V). It can be checked that in particular cases that 
MAik is an integer number, though I don't know how to prove it in general case. 

If G = SL(A^, C) the scalar matrix belongs to GL(A^, C). Thereby, after this transformation 
we come to a GL(A'^, C) -bundle. But this bundle is topologically non-trivial, because it has 
a non-trivial degree of its determinant bundle. In this way the characteristic classes for the 
SL(A^, C)-bundles are related to another topological characteristic, namely to degrees of the 
GL(A^, C)-bundles. 

It is possible to construct an analog of GL(A^, C) for other simple groups [24j . We call them 
the conformal versions of simple groups, since they can be described as groups preserving some 
forms up to dilatations, likewise GL(A^, C) preserve the volume form in C'^ up to multiplications. 
In [21] we describe also interrelations between the characteristic classes for simple groups and 
degrees of the related determinant bundles of their conformal versions. 

4 Higgs bundles and integrable systems. 

The Higgs field ^ is an element of Q^{T,g, ad{E) -fCs); where K^, is the canonical line bundle 
of Tig. It means that locally $ is represented in the form ^{z, z)dz, where $ takes value in the 
adjoint representation of g. Assume that <I> satisfies (|3.9|) . The pair 



is called the Higgs G -bundle over Eg. 

The fields d^) are coordinates in the infinite dimensional cotangent bundle T*{E} to the 
space of holomorphic bundles {E} defined by d^. The Higgs field plays the role of the cotangent 
vector. 

The Killing form ( , ) in g equips TZ^ with the symplectic form 



It is a canonical symplectic form on the cotangent bundle TZ . 

Introduce a complex structure in the infinite-dimensional space n^. The fields ^> and A are 
holomorphic coordinates in this structure. Then J7 is the (2, 0)-form in this structure, what we 
need for the algebraic integrability. 

The form (|4.2|) is invariant with respect to the gauge transformations Q 



n^ = {^,d^) 



(4.1) 




(4.2) 



<^^<l>f = , A^Af = r^Af + r^Af. 



(4.3) 



Their infinitesimal form 



5,A = de+[A,(\, 5,$ = [$,e], e 



G Lie{g) . 



is generating by an analog of the Gauss law. Namely, it is easy to check that 





where { , } is the Darboux brackets in TZ 



inverse to Putting 



d^^ = 



(4.4) 
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we impose the first class constraints. In a general setting the Gauss law is called the moment 
constraints. The operator defines a complex structure on E and (j4.4p means that <I> is a 
holomorphic section of ad{E) (gi K^. (|3.10p . 

Along with a gauge fixing constraints, the moment constraints form the second class con- 
straints. Physical degrees of freedom (the moduli space of the Higgs bundles) are defined as 

7^^(Sg)/(Gauss law) + (gauge fixing) = {d^^ = 0)/C? = n"{T.g)//g . 

The quotient space with respect to these constraints is called the symplectic quotient. We call 
it the moduli space of Higgs bundles 

T*Mg = VJ'{Y.g)IIG . (4.5) 

This symplectic quotient space is finite-dimensional 

dim iJ*Mg) = 2{g - 1) dim (G) . 

Its dimension is twice of dimension of TWg (|3.7p . 

4.1 Higgs bundles on Riemann surfaces with marked points 

To deal with a sphere 5 = and a torus 5 = 1 consider Riemann surfaces with marked points. 
Let be a Riemann surface of genus g with n marked points. Attribute coadjoint orbits Oa 
to the marked point Za (a = 1, . . . n). The space 

7^^ = {(i,$,a, a = l,...n) (4.6) 

is symplectic with the form 

n 

^ + l^g , 
a=l 

where iOa is the symplectic form on Oa (|2.2p . It is possible to introduce local holomorphic 
coordinates on the coadjoint orbits. We do not need in their description. 
The gauge transformations ()4.3p should be completed by 

Sfl > = / (Zfl, Za)Saf {Za, Z^) ■ 

It can be find that the moment constraints in this case take the form 

= ^ Sa6{Za) , SaeOa, (4.7) 

a 

where de{za) is the delta-function with support at z^. In other words $ is a meromorphic section 
of EndE ® K with simple poles 

Res^^=^^ = Sa. 
Dimension of the symplectic quotient in this case is 

dim {T*Mg.a) = 2{g - 1) dim (G) + ^ dim (Oa) = {2{g - I) + n) dim (G) - nl , (4.8) 

a=l 

where / = rank G. 
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4.2 Hitchin integrable systems 

Since T*Mg n is a result of symplectic reduction it is a symplectic manifold. The corresponding 
Poisson brackets are Dirac brackets [23] obtained from the canonical brackets on TZ^ . To 
construct an integrable hierarchy one should find N = ^ dim {T*Aig^n) independent Poisson 
commuting Hamiltonians. They are constructed from invariant polynomials on g making from 
the Higgs field [3]. The invariant polynomials have the form tr(<^'^j ) {j = 1, . . . ,1) where dj are 
degree of invariants of g. For D2k there are two invariants of order k. In addition to tr(<I>'^) it 
is the pfaffian of The polynomials are (dj , 0)-forms (^^i) G fl^'''^'^\T,g^n) with holomorphic 
poles of order dj and less at the marked points. To construct Hamiltonians one should integrate 
them over Yjg >^. For this purpose one should prepare (1, l)-forms from the 0)-forms. It can 
be done by smooth (1 — dj, l)-differentials vanishing at the marked points. Locally, they are 
represented {z,z) {-§^y tX" dz. In other words fij are (0, l)-forms taking values in j 

degree T^^ of vector fields on 'Sg^n- For example, //2 is the Beltrami differential. The product 
{^^)fij can be integrated over the surface. 

The space Q^^~'^^'^\T,g^n) of (1 — dj, l)-differentials is infinite-dimensional. We identify its 
elements by diffeomorphisms of '^g,n- To construct Hamiltonians one can take elements of the 
quotient of ^l^^~'^^'^\T,g^n) with respect to this action. It is a finite-dimensional space with a 
local description as the cohomology space T®'^^~^) of with coefficients in tensor 

degrees of vector fields T on Yuq yi,. This space has dimension 

Uj = dim/7i(Sg,„,r®(^-^)) = {2dj - l){g - 1) + {dj - l)n. (4.9) 

Let fij^k be a basis in H^{T,g^n, T^^^~^^) , (/c = 1, . . . , rij). The integrals 

kk = j: j Mi,fc('J>'0, j = i,---i- (4.10) 

define Poisson commuting Hamiltonians. 

It follows from (|4.9|) . (|A.7p and (|A.12p that the number of integrals is equal to 

III ^ 
^Uj = {g- l)^{2dj - l)+n'Y^{dj - I) = [g - 1) dim G + -ndimO . 

j=i j=i j=i 

It is the dimension of the moduli space of holomorphic bundles Mg,n (|3.8p . It is equal to the 
half of dim (A^//(Sg^„)) (|4.8p for generic orbits at all marked points. 
The Hamiltonians Ij^^ define a free motion on TZ^ 

= {Ij,k, ^} = , dj,kA = {Ij,k, A} = $^-Vi,fc • (4.11) 

These equations being trivial on TZ^ become meaningful on T*Mg^n and define integrable hier- 
archies. 

Since d^f(^^ = f~^{d^'^)f and / vanishes at the marked points, to describe T*A4g,n it is 
possible first to fix a gauge and then to solve the moment constraint equation. Let us choose a 
gauge ^0 = f~^Af + f~^Af. Then by the same gauge transformation define the transformed 
Higgs field H 

L = f-^^f. (4.12) 
^Generically, / is defined up to residual gauge transformations. We will not stop here on this point. 
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It follows from the first equation ()4.1ip that L is the Lax operator 

d.^kL = [L, M,, fc] , M,- = . (4.13) 

The form of the M-operator can be extracted from the second equation in (|4.11|) . In terms of 
the Lax operator (|4.7p assumes the form 

d^,L=Y,^aKZa). (4.14) 

a 

Here we keep the notation for the gauge transformed elements. Then the moduli space of 
the Higgs bundles Mni'^g) coincides with the space of solutions of this equation. The Lax 
operator is a meromorphic section of adjoint bundle, specified by its monodromies (j3.2p . They 
can satisfy (|3.3p or ()3.6p . Therefore L depends on the moduli of bundles and on residues Sa of its 
poles. In a concrete interpretation Sq are identified with spin variables, while local coordinates 
on the moduli space Mg^n play the role of coordinates of particles. Their momenta are moduli 
of solutions of (|4.14p . 

It can be proved that the Hamiltonians (|4.10p being restricted on T*Aig^n 

continue to Poisson commute. Thus, we come to completely integrable systems. The set B = 
{Ij^k} forms the base of the fibration (j2.5p . To prove algebraic integrability one should construct 
the Liouville fibres related to the spectral curve 

C{X,z)=0, C{\, z) = det{X- L{z)). 

For curves without marked points it was done in [H [22] . 

4.3 Symplectic Hecke Correspondence 

Consider two Higgs bundles {E,^) and (E,^), where E is the H modification of E of type 7 
(j3.15p . The modification acts on the Higgs bundles as 

{E,^)^{E,^), 

H$ = I>H, EA = dE + AE. (4.15) 

We call this transformation the Symplectic Hecke Correspondence of the Higgs bundles, since it 
is a symplectomorphism of two Higgs bundles with symplectic forms ()4.2p . 

The Higgs fields <I> and $ should be holomorphic with prescribed simple poles at the marked 
points. The holomorphity of the Higgs field put restrictions on its form. Decompose ^ and ^ 
in the Chevalley basis (jX6|) . (|X8]) 

^z) = ^^{z) + J2 '^a{z)E^ , Hz) = ^^(z) + ^c.{z)E^ . 

aeR aeR 

Expand a in the basis of simple roots (|A.2p a = X]j=i iT'j'ctj and 7 in the basis of fundamental 
coweights 7 = rnjZUj , such that (7, aj) > for simple aj. H Then (7, a) = X]j=i '^j'^'j is 

an integer number. From ()4.15p and ()A.9p we find 

$f,(z) = ^^{z) , |.,(z) = z<^'-)ci>^(z) . (4.16) 
^Such weights are called the dominant weights. 
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In a neighborhood of z = ^{z) should have the form 

otherwise the transformed field becomes singular. It means that a modification of a Higgs bundle 
in a point zq of S is not arbitrary, but depends on the local behavior of the Higgs field (the Lax 
operator). Thus, there are YlaGR+i'f''^) constraints on the Higgs field. 

4.4 Examples 

For elliptic curves g = 1 solutions of (j3.6p can be found explicitly [24j. We identify Si with 
the quotient C/(rZ + Z), where r is the modular parameter {IrriT > 0). It allowed us to 
define the Lax matrices and in this way the Hamiltonians for any Lie algebra and an arbitrary 
characteristic class. Consider, for simplicity, an elliptic curve with one marked point. If the 
characteristic class is trivial, then the corresponding integrable system is well known. It is the 
elliptic Calogero-Moser system with spin. The system describe I =rank(G) particles and dim (O) 
"spin" variables subjected to 21 constraints The phase space of the system is 

(v,u)Gr*.^, S£0//n, 

where u = {ui,U2, . . . ,ui) are coordinates of particles, v = {vi,V2, ■ ■ ■ ,vi) - their momenta. As 
for the symplectic quotient O/ /Ti it is described by the local coordinates S G g*, subject to the 
moment constraints S\f, = with respect to the conjugation of O by the Cartan subgroup TC, 
and the gauge fixing constraints /S^ = 1 for simple roots a G H. 

The phase space has the following interpretation in terms of Higgs bundles. The spin vari- 
ables S are residue of the Higgs field satisfying the just mentioned constraints. The coordinate 
variables u describe the moduli space of the bundle, while their momenta parameterize solutions 
of the moment constraint equation ()4.14p . Note that for the trivial characteristic class u £ Sj. 

The Hamiltonian takes the form 

aeR+ 

Here p(x) is the Weierschtrass function. It is a double-periodic meromorphic function in the 
fundamental domain (l,r). 

For nontrivial characteristic classes the phase space has the same dimension, since we the 
corresponding systems are symplectomorphic, but it has a different structure. The phase space 
is described in [24J. There exists a correspondence between an element of the center (" of G and 
a Cartan subgroup TC(^ C TC. It is described in the following way. There are two fundamental 
cycles for (7 = la~l, 5~r. The solutions of ()3.6p can be taken in the form pi £ 7i and 
Pr as a special Weyl transform, that defines a symmetry of the extended Dynkin diagram. 
Then the subgroup is the invariant Cartan subgroup pT-hp~^ = h ioi h £ Tic^. The moduli 
space of holomorphic bundles over with characteristic class Q are elements of the Cartan Lie 
subalgebra ij^ = LieiTic). The configuration space of particles is a subset C of Then the 
phase space takes the following form 

(v,u)Gr*c, sgo//Wc- 

Let R = R n C R he a subsystem of roots and H^^^ be the corresponding Calogero-Moser 

Hamiltonian. We call the subgroup G C G generated by R the unbroken subgroup, because the 
whole Hamiltonian has the form 

= Hf^ + H , 
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where H has the form of interacting tops. It is too long to write it here exphcitly. Detail can 
be found in [23] . 

For example, for G = SL(A^, C) and C, = diag(exp liri^^^ ,exp — 27ri-^, . . . , exp —2Tiijj) 
generates the center fi^ of SL(A^, C). The transition matrices, satisfying (j3.6p are the t'Hooft 
matrices 

pi = diag(l ,u; , . . . ,u;^"^) , {pr)jk = Sj,k-i , {mod N) , u; = ex.p 27ri^ , . 

It easy to find that the moduli space is empty in this case. = H is the Hamiltonian of 
the so-called elliptic top. For A/^ = 2 it is the standard Euler top. As it was explained above, 
the systems with different characteristic classes are symplectomorphic. The symplectic Hecke 
correspondence between the SL(A^, C) elliptic Calogero-Moser system and the elliptic top was 
constructed in [13]. 

Another example is the group Eq with the center fj,^. In this case R = Rg2- The unbroken 
subgroup is G2. Thus, instead of six interacting Eq particles only two survive and we come to 
the Hamiltonian 

H(; = Hg^' + H . 

Again the Eq elliptic Calogero-Moser system and the last system are symplectomorphic. 

For the group Spin^n we obtained four types of integrable systems related to to the scheme 
([33]). 

5 Monodromy preserving equations 

There exist a wide class of Hamiltonian systems related to integrable systems. They are described 
in terms of the Isomonodromy problem defined for a linear matrix equations on The 
corresponding nonlinear equations are the monodromy preserving conditions. They are equations 
of motion for non- autonomous Hamiltonian systems. We will see that they share some common 
features with the Hitchin integrable systems. The most familiar examples are the Painleve 
equations and the Schlesinger system. It turns out that integrable systems is a sort of quasi- 
classical limit of these non-autonomous Hamiltonian systems (Section 5.3). 

5.1 Flat bundles and deformed complex structures 

Let {z,z) be local coordinates on Eg^„ and dz + Az, dz + Ag are corresponding component of 
connection in the introduced before bundle E. Consider the space of connections completed as 
before by coadjoint orbits at the marked points 

n = {Az,Az,Oa, a=l,...,n}. (5.1) 

It can be equipped with the symplectic form 

n „ 

n = n^ + Y,^a, 0-^= / {5{Az)A5iA-z)). (5.2) 

a=l -^^9 

The form rj"^ is independent on the complex structure {z, z) and can be rewritten as 

0.-^= f {6{A)A6{A)). (5.3) 

^This happens only for G = SL(A'^, C). For other groups the moduh spaces are non-empty. For this reason the 
so-called non-dynamical i?- matrices exist only for SL(7V, C). 
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To describe a nontrivial dynamical systems deform dz by mixing it with dz as dz + fidz, where 
/i G {Tjg^n) is the defined above Beltrami differential on The Beltrami differential 

can be defined in terms of local substitution of coordinates 



w = z — e{z, z) , w = z — e{z, z) . 

Then for small e /i = dzC. We consider the Beltrami differential to be equivalent to zero if e 
is continued to a global diffeomorphism of The equivalence relations in {T,g^n) is 

the moduli space of complex structures on S^^n- The tangent space to the moduli space is the 
Teichmiiller space 7^^„ ~ H^{T,g^n,TT,g^n)- We have found the dimension of this space (see ()4.9p 
for dj = 2) 

d = dim r3,„ = 3(5 - 1) + n. (5.4) 
If {fj-i, . . . , ^'^) is the basis in the vector space H^{T,g^n,TT,g^n), then 

d 

/^ = I^i./^°- (5.5) 

s=l 

In this construction it is convenient to deform dz and do not touch dz- To this end we use 
non-holomorphic substitution 

w = z — e{z,z), w = z . 

Then we come to connections 

dz+Az, dz + i^dz + Az 

and 0"^ in ()5.2p is replaced on 

17-^ = / (<5(A) A b{A-z - iiAz)) = I {6{Az) A 5{Az)) - {Az6{Az)) A 5^ . 

The second term is interpreted as 5H A 5t, where the Hamiltonian H is defined below ()5.7p . 
Thus, fi corresponds to time variables. Taking into account (|5.5p rewrite the symplectic form 
on TZ as the Cartan-Poincare invariant |17j 



„ n II 

n= {d{Az) A 6{A-z)) + - i^zS{Az)) A StsfJ'^s = no-Y,^HsA dts 

■^^a a=l s=l s=l 



(5.6) 



where 



/ {6iAz)/\6iAz)) + Y,^a, Hs = \j (A,A)/x°. (5.7) 

The form is defined on the bundle V — > Tg^n over the Teichmiiller space 7^^„ with fibers TZ ()5.ip . 
The form $7 is degenerated on d = dim7^^„ vector fields Dg'. {0,{Ds, •) = 0) 

Ds = ds+ f (A^)^° = ds + {Hs, }no , {ds = dtj . 

Here the Poisson brackets are inverse to the non-degenerate form VIq on the fibers. The vector 
fields Dg define the equations of motion for any function f{Az-,Az-,^a-,^J') on V 
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In particular, 

dsA, = 0, 9,^2 = Am°, dsSa = 0, (5.8) 
and therefore again we come to a free motion 

In addition, there are the consistency conditions for the Hamiltonians 

dsHr - drHs + {Hr, Hs}q, = . (5.9) 

Let ^ he a fundamental solution of the linear system (^' S ri''*''*(Sg^„, Auti?)) 

1. [d,+A,,^=0, 

2- [d2 + ELiist^%+^-z^^] = ^^ (5-10) 
3. ds'^ = 0. 

The monodromy 3^ of ^' is the transformation 

^^^y, ye Rep(7ri(Sg,„) ^ G). 

The equation 3. (|5.1Up means that the monodromy is independent on the times. The equations 
of motion ()5.8p for A and A are the consistency conditions 1., 3., and 2. ,3. correspondingly. The 
consistency condition of 1. and 2. is the flatness constraints 

[d, + ^l^,)Az - d,A, + [A,, As] = ^aSiza) . (5.11) 

a 

Similar to ()4.7p . the flatness is broken at the marked points. 
5.2 Moduli space 

The form 0, (j5.6p is invariant under the gauge transformations 

A, ^ Ai = r'dj + f-'AJ , A,^Al = r\d, + fid,)f + f-'A-J, (5.12) 

Sa ^ = / (Za, Za)Saf {Za, Za) ■ 

They are generated by the flatness constraints (|5.1ip . 

Up to now the equations of motion, and the linear problem are trivial. The meaningful 
equations arise after the gauge fixing with respect to (|5.12p . The set of the gauge orbits on the 
constraint surface ()5.1ip is the moduli space of flat connections. By neglecting some non- generic 
configurations we come to the moduli space of flat bundles 



9, 

Let us fix Az = L: 



-M^Jn* = §M/o = n//g. (5.13) 

L = f-\d, + fid,)f + rU-J. (5.14) 
Then the dual field 

L = f-^df + rUj (5.15) 
can be found from the moment equation (|5.1ip 

n 

{d, + fidz)L - dzL + [L, L] = Y, SaS{xa). (5.16) 

a=l 
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We preserve the notion for the gauge transformed element of Oa- Here L and L are connec- 
tions satisfying the quasi-periodicity conditions (|3.2p . 

The gauge fixing ()5.14p and the moment constraint ()5.16p kih almost all degrees of freedom. 
The fibers {L,L, Sa} become finite-dimensional, as well as the bundle P'^'^'^ = {M.g\n ,Tg^n)'- 

dim V^'^ = (2 dim G + ?,){g - 1) + (dim + l)n. (5.17) 

On J>'^^'^ we have 

Oo= /" {5L^dL) + Y,uOa, Hs = H,{L) = ^f iL^)fi^. (5.18) 

•'^s." a=l •^^a.ri 

But now, due to ()5.16p . the system is no long free because L depends on L, Sq. Moreover, 
because L depends explicitly on /i, the system (|5.18p is non-autonomous. 

Let Mg = f'^^"-^ ■ Then the equations of motion ()5.8p on A4H{'^g,n) take the form 

dsL-d,Ms + [Ms,L]=0, s = l,...,l, (5.19) 

where Mg is a solution of the equation 

{d, + d,fi)Ms - [Ms,L] = dsL - . (5.20) 

The equations (j5.19p are the analog of the Lax equations (j4.13p . The essential diff'erence is the 
presence of the operator dz with respect to the spectral parameter. 

These equations reproduce the Schlesinger system, Elliptic Schlesinger system, multi-component 
generalization of the Painleve VI equation (TUl ES] . The equations (|5.19p , (j5.2Up along with (|5.16p 
are consistency conditions for the linear system 

1. [d + L,^ = 0], 

2. [B + Zstsf^^'sd + L,^ = 0], (5.21) 

3. [ds + M„^]=0, {s = l,...,l). 

The equations 3. provides the isomonodromy property of the system 2., 3. with respect to 
variations of the times ts- For this reason we call the nonlinear equations ()5.19p the Hierarchy 
of the Isomonodromic Deformations. 

The Symplectic Hecke Correspondence can be applied to the monodromy preserving equa- 
tions in a similar way as for the Hitchin systems. It allowed us to identify different descriptions 
of the Painleve VI equation [13\ l26j . 

5.3 Scaling limit. 

Here we point out an interrelation between Hitchin integrable systems and the monodromy 
preserving equations. These interrelations were first observed at the beginning of the last century 
by Garnier [28] and by Boutroux [29] and developed later in numerous works [301 Ell 1321 ESI EH 
135] . Here we describe them in a very simple form in "the first approximation" following [T^. It 
turns out that the Hitchin systems are a some sort of quasi-classical limit of the Isomonodromy 
Problems. This is a sort of WKB ansatz considered in particular cases in |30 t 133 1 [55]. The next 
order is more complicated procedure [311 [Mj leading to the so-called Whitham equations. We 
do not need to discuss them here. 
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Introduce an analog of the Planck constant k and replace a holomorphic connection by 
the P.Deligne K-connection ndz + Az- Simultaneously, replace fi by fi/n. Then we come to 
connections 

Kdz + Az, dz + fidz + Az . 

Consider the limit k ^ 0. The symplectic form Q (|5.6|) is singular in this limit. Let us 
replace the times 

is ^ t° + Ktf , (tf - Hitchin times) 

and assume that the times t^, {s = !,...,/) are fixed. H After this rescaling the form ()5.6p 
becomes regular. The rescaling procedure means that we blow up a neighborhood of the fixed 
point /i(0) = t^fJ-s^^ in Tg,n and consider the system in this neighborhood. This fixed point 
is defined by the complex coordinates 



Wo = z 



Y,t%{z,z), wo = z, {d^, = B + fi{0)d) , /i(0) = ^t°;uW. (5.22) 



For K = the connection Az becomes the one-form <I> (the Higgs field) nd + Az ^ ■ Let 
= lim^^o L, = lim^— >o L. Then we obtain the autonomous Hamiltonian systems with the 
form 



and the commuting, time-independent quadratic integrals 



''^9,n a=l 



^ .71. 



The phase space turns into the cotangent bundle to the moduli of stable holomorphic G-bundles 
over 

The corresponding set of linear equations has the following form. 

1. {K.d + L)^ = 0, 

2. {d + Esis^i^sd + m = 0, 

3. {dtH + Kdto + Ms)^ = , is = l,...,l). 

We consider the quasi-classical regime k — > 

c 

^ = (l)exp-, (5.23) 
where i;^ is a group-valued function and 5 is a scalar phase. To kill singularities we assume that 

{^ + ^ts^^'i^)S = 0, ^5 = 0. (5.24) 

s * 

In the quasi-classical limit we set 

d^,S = A. (5.25) 

Define the Baker- Akhiezer function 

y = </)expj]tf^. 

s=l * 



^In the approximation procedure the times are represented by the slow variables and the fast variables . 



Here it is sufficient to fix t 
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Then instead of ()5.2ip we obtain in the hmit k — > 
' 1. {X + L^)Y = 0, 

3. (a, + MO)y = o, (s = i,...,o, (5. = %). 

Note, that the consistency conditions for the first and the last equations are the standard Lax 
equations 

5,lO + [mO,L°] = 0, (5.26) 

while the consistency conditions for the first and the second equations is just the Hitchin equa- 
tion, defining 

n 

+ [ZO, lO] = 27Ti 5{Xa)Pa- (5.27) 

a=l 

It follows from (j5.26p that the resulting Hamiltonian system is completely integrable. The 
commuting integrals are 

Hs,i = j, f (Lf)/^°,, (j = l,...,0- 

The gauge properties of the Higgs field allows one to define the spectral curve 

C : det(A + L) = 

and the projection ()2.5p . 

6 Gauge theory description 

Here we present results of Hitchin [4J. In this paper he described two-dimensional reductions 
of the self-duality equations in dimension four. We shall focus on the fact that there are two 
descriptions of the moduli space of their solutions. They are the phase spaces of integrable 
systems or the phase spaces of monodromy preserving equations, defined above. 

6.1 2-d self-dual equations 

Consider the self-duality equation in the Yang-Mills theory on with coordinates x = (xq, xi,X2,X3) 
with a gauge group Gc, where Gc is a simple compact Lie group 

F = *F. (6.1) 

Here * is the Hodge operator and the curvature is a two-form F(A) G r2'^^)(M^, Qc) Fij = [Vj, Vj] 
or -F(A) = dA + taking values in the Lie algebra Qc- If x = (xq, xi, X2, X3) are coordinates 
on then (j6.ip takes the form 

-foi = -^23 

< Fo2 = F3i (6.2) 

, -f03 = F12 

Assume that Aj depend only on (xi,X2). This means that the fields are invariant under the 
shifts in directions xqjX^. Then (AqjA^) become adjoint- valued one- forms which we denote as 
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{'pi, 4>2)- They are called the Higgs fields, d The self-dual equations on the plane = {xi, X2) 
take the form 

Fi2 = [(t>i,H, (6.3) 

[Vi,0i] = [02,V2], (6.4) 

[Vi,02] = [V2,(/>i]. (6.5) 

Introduce complex coordinates z = xi + 1x2 , z = xi — 1x2 and let d' = V^, d" = Vj. 
Consider the complexification 

^^ = ^{<Pi-i<P2)dzen(^'°HR^Qc), 
= ^(01 + ih)dz G f](0'i)(M2, 0,) . 

= i(Ai -M2) 
= i(^i +iA2), 

In terms of fields 

W = (A, $,,$,) (6.6) 
(|6.c{|) - (|6.5|) can be rewritten in the coordinate invariant way: 

1. F = , 

2. dA,^, = 0, (6.7) 

3. dA,$5 = 0, 

where [^^, = ^>^^>2 + $5$^ . 

Equations (j6.7p are conformal invariant and thereby can be defined on a complex curve Tig 
with local coordinates {z,z). Let Q^^'''\T,g, Qc) be (j, fc)-forms on Tg taking values in ad(gc)- 
Then 

G J7(i'O)(S3,0,) , G ^ 
dA, : 17(^''=)(Sg,5,) ^ f)(j>+i)(S„5,) . 

The self-duality equations ()6.7p on are called i/ie Hitchin equations. 
In fact, instead of (j6.7|) we will consider further a modified system 

1. F = , 

2. dA,^. = 0, (6.8) 

3. dA^^z = 0. 

It comes from the self-duality on R'' with a metric of signature (2, 2). 
6.2 The moduli space 

The system ()6.8p is invariant with respect to the gauge transformations 

gc = {f en^{Tg,Gc)}, (6.9) 

^rW, (6.10) 

dA.^f-'dAj, dA^^f-'dAj. (6.11) 



The Higgs fields in particle physics are scalar fields, but not one-forms. In fact, {4>i,(f)2) are the Higgs field 
in the SUSY A/" = 4 Yang-Mills theory. They become one- forms after some topological twist 1,1 4 ] . 
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If {A , ^z) ai^e solutions of ()6.8p . then the transformed fields are also solutions. Define 

the moduli space of solutions of (j6.8p as a quotient under the gauge group action 

Mni^g) = solutions of dESDM • (6.12) 

Dimension of this space is 

dim {Mni^g)) = 2{g - 1) dim (G,) . (6.13) 

For generic configurations of the fields the space Mni'^g) has two equivalent description: 

I) Consider the pair ($ = , ^ = A^) taking values in the complex algebra g. Assume 
that they satisfy the second equation in (j6.9p . The complex gauge group Q = {f £ r2'^(Sg,G)} 
transforms its solutions into another solutions. Taking the quotient of solutions with respect to 
this action we come to the moduli space of the Higgs bundles, described in Section 4. It was 
found in [5j (see, also, [H]) that for generic pairs (<^ ,A) 

M%^{J:) r^T*Mg (6.14) 

II) Define the complex valued connection Az = Az+i^z , Az = Az—i^z- The first equation 
in ()6.8p becomes the flatness condition for the curvature = dA + ^ A ^ 

:r = 0. (6.15) 

Evidently, it is invariant under the action of the complex gauge group Q. Then generic flat 
bundles describe the Hitchin moduli space as the quotient 

M%^{'Lg)^Ml^''' = {T = Q)/g. (6.16) 

This moduli space has been defined (|5.13p . 

These two description is based on the hyperkahler structure of W ()6.6p O [U]. It implies 
an existence on W three complex structures I,J,K = IJ and three symplectic forms ilj, fij 
and ^Ik- They are (2,0) forms in the corresponding complex structures. The first constructions 
is based on symplectic reduction with respect to the form 17/, which coincides with (j4.2p . The 
second constructions is the result of symplectic reduction with respect to the form Qj ()5.3p . 

As a result due to this procedure we identify the phase spaces of the Hitchin integrable sys- 
tems and the monodromy preserving equations. In fact, these two moduli spaces are isomorphic 
as real manifolds but not as complex manifolds. 

7 Bogomolny equation 

Here following |14j we interpret the modification in terms of monopole configurations. The 
relevant monopole configurations are singular solutions of the Bogomolny equation. These con- 
figurations of fields correspond to the t'Hooft operators in the underlying Yang-Mills theory. 
The present treatment is based on our paper [37] , where we considered the modifications for flat 
bundles. 

7.1 Definition 

Let W = X Tig. Consider a G bundle E over W equipped with the curvature F. We assume 
that G is a complex group and E is an adjoint bundle. It implies that F takes values in the 
complex Lie algebra g. Let be a zero form on W (j) £ Q,^{W, q). 
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The Bogomolny equation on 1^ is a three-dimensional reduction of the self-duahty equation 
()6.2p . It takes the form 

F = *D<p. (7.1) 

Here * is the Hodge operator on W with respect to the metric ds"^ on W. In local coordinates 
{z,z) on T,g^n and y on the real line ds'^ = h\dz\^ + dy^, where h{z^z)\dz\'^ is a metric on S^. 
Then the Hodge operator is defined as 

-kdy = —ihdz A dz , -k dz = —idz Ady , -kdz = idz A dy , 

In local coordinates ()7.ip takes the form 

1. d,A, - d,A, + [A,, A,] = %a {dyC^ + [Ay, </.]) , 

2. dyA,-d,Ay + [Ay,A,] = i{d,<P+[A,,c^]), (7.2) 

3. dyAs - dsAy + [Ay, As] = -i{ds^ + [As, </>]) . 

A singular monopole solution of this equation is obtained in the following way. 
Let W = {W \ x° = (y = 0, z = zq)). The Bianchi identity DF = onW implies that (p can be 
identified with the Green function for the operator -kD -k D 

k D D(p = -f6{x - 0^) , 7Gfi. (7.3) 

We take 7 = X^j=i mjwj from the coweight lattice (|A.5p as in the modification procedure 
(|3.12p . We call the Green function a monopole with charges (mi, m2, . . . , ?7i„). We explain 
below this choice of the coefficient in front of the delta- function. This equation means that cp is 
singular at 3p. 

7.2 Boundary conditions and gauge symmetry 

In what follows we assume that 

lim (dycj)) = . (7.4) 

J/— >±oo 

It is the Neumann boundary conditions for the Higgs field, while the gauge fields are unspecified. 
Let E± be restrictions of E to the bundles over 'Eg on the "left end" and "right end" of W : 
y — > ±00. These bundles are flat. This fact follows from l. ()7.2p . where the gauge fixing Ay = 
is assumed. The Bogomolny equation defines a transformation E- — > E^. It was proved in [14] 
that in absence of the source 7 = in (|7.3p the only solutions of ()7.ip with these boundary 
conditions are F = , (p = 0. In general, under the action of the source the characteristic classes 
of bundles are changed under these transformations. We will find that it is the modification of 
the type {mi,m2, ■ ■ ■ , rUn)- 

The system (j7.2p is invariant with respect to the gauge group G action: 

Az hA^h'^ + d^hh'^ , A^ hAsh'^ + dzhh~^ , Ay hAyh~^ + dyhh~^ , . 

cP ^ h<ph'^ , ^^-^^ 



where /i G ^ is a smooth map W ^ G. To preserve the r.h.s in (j7.3p it should satisfy the 
condition [h{af'),j] = 0. 

Since the gauge fields for y = ±00 are unspecified and only fiat we can act on them by 
boundary values of the gauge group Q\y=±ao = G±- Then Ai^ = {E±}/Q± = M.^{'Eg^n) are 
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the moduli spaces of flat bundles (see ()5.13p . ()6.16p ). In this way a monopole solution put in 
a correspondence two moduli spaces A^^(Sg^„). But Bogomolny equation tells us more. It 
describes an evolution from one type of system to another. 

It is possible to generalize (|7.3p and consider multi-monopole sources Yla^^^^i^ ~ ^) ™ 
r.h.s. . This generalization will correspond to modiflcations in a few points of Yjg^^. 

7.3 Gauge fixing 

Consider ()7.2p on W. Choose a gauge fixing conditions as: = 0. Holomorphic in z functions 
h = h{y, z) preserve this gauge. Then 

-d,A,= '^{dyCl)+[Ay,(l)\) , 

dyA, - d,Ay + [A,, Ay] = i ( 9, </> + [^l,, (/>] ) , (7.6) 

dzAy = ids4> ■ 

The last equation means that Ay — i(p is holomorphic. It follows from (|7.5p that the gauge 
transformation of this function is 

Ay h{Ay - i(l))h~^ + dyhh~^ 

Thus, we can keep Ay = icj) by using holomorphic and y-independent part of the gauge group 
{dyh = 0). Finally, we come to the system 

1. d,A, = -'-^dy^ , 

2. dyA,-2id,(t> + 2i{A^, (!)]={), 

3. Ay = i(f) , 
.4. As = 0. 

Two upper equations from ()7.7p lead to the Laplace type equation 



(7.7) 



dlcp + ^id,d,ci) + d,[Az,^]) = 0: 



or on W 



d^^+Udzd,(l) + d-Mz,(l^]) = M6{y,zo). (7.8) 



7.4 Scalar case. 

In scalar case ()7.8p is simplified 



d^cp + ^d,d,cl) = c6{y = 0, zo) . (7.9) 

where for the time being the value c is not specified. 

Consider (|7.9p on R x C with the global coordinates {z, z, y) and h = 1. Then 

1 



y/y^+zz 

satisfies <^^. It follows from L ffTT]) that 



(7.10) 



^ziz, z, y) = Af{z, z, y), y>0 and y = 0,z^0, 
A^{z,z,y) = A-{z,z,y), y<0, 



(7.11) 
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where 

Atiz,z,y) = -ic I I .1 _ - ^ I + const, 
\ yy +^^ J 

A-{z,z,y) = -iciy\-j^_ + Yj + const, 

and Az{z,z,y) is a connection on the hne bundle C over M x C. The connection has a jump 
— 2ic^ at y = 0. To deal with smooth connections we compensate the jump by a holomorphic 
gauge transform that locally near xq has the form h ~ z™. Here m should be integer, because 
/i is a holomorphic function. Notice that all holomorphic line bundles over S"^ are known to be 
0(m)-bundles, m G Z. Thus, we have c = , m £ Z. This usually referred as a quantization 
of the monopole charge. In fact the constant c contains factor 4tt (area of a unit sphere) which 
yields a proper normalization of delta-function and appears in the Gauss's law. 



7.5 Modification 



Assume that near the singular point af^ the Higgs field (p can be taken from the Cartan 
subalgebra. Using the solution (|7.1U|) for a line bundle we write in in the form 

eS). (7.12) 



2^2/2 + zz 

It follows from (jT.lip that Az undergoes a discontinuous jump at y = 

At-A- = '-^, jeSj. (7.13) 



z 



To get rid of the singularity of ^ at z = 0, as in the abelian case, one can perform the singular 
gauge transform S that behaves near as 

H~z'^EW., (H = exp(27ri7lnz)). (7.14) 

Assume that 7 belongs to the coweig ht lattice 7 € as in (fXT2|) . It means that H is the 
modification of type 7 = X]j=i"^i^/- explained before, the modified bundle E can 

not be lifted to a G bundle. Thus, if the monopole charge belong to then the solution of 
the Bogomolny equation defines the modification of the initial fiat bundle E- to the modified 
bundle E^ = E. On the other hand, if 7 belongs to the coroot lattice ()A.4p . then there 
is no obstruction to lift £^ to an G bundle. In other words, the monopoles with charges from 
the coroot lattices do not change the topological type of bundles. Therefore, monopoles with 
nontrivial charges are classified by the quotient /Q^ ~ ^{G) (jA.24|l . In this way there are 
no nontrivial monopoles for the groups G2, -F4 and E^. From field-theoretical point of view the 
modification ()7.14p it is an action of the t'Hooft operator. 

In summary, the monopole solutions of the Bogomolny equation allows one to relate them to 
the symplectic Hecke correspondence in the monodromy preserving equations. Using the corre- 
spondence between the monodromy preserving equations and the Hitchin integrable systems we 
relate the same configurations to the symplectic Hecke correspondence in the Hitchin integrable 
systems. 
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8 Twisted A/^ = 4 Super Yang-Mills Theory and Integrable sys- 
tems. 



In |14j Kapustin and Witten described the Langlands program in terms of the M = 4:, d = 4 
SUSY Yang-Mihs Theory with compact gauge group Gc- By certain twists the theory becomes 
topological and can be replaced by a theory on C x S, where S will play the role of the basic 
spectral curve introduced above, and C is a Riemann surface with boundaries^ In particular, 
C can be taken as M?. It includes time t and y variables that was used in the Bogomolny 
equation. One of the crucial points is that in the limit when S becomes small compared with C 
the effective theory is described by a topological sigma-model C MhC^)- 

In fact, there is a family of twists in = 4 theories. For a one value of the twist parameter 
the theory can be reduced to the Bogomolny equation in three dimension and to the Hitchin 
equations (j6.7p . The mention above sigma-model is the A-model with the target space Ai^''{'Eg). 
It is described in the form (j6.14|) . i.e. the phase space of the Hitchin integrable system, related 
to the group G 

For another specific value of the twist parameter one should consider the dual gauge group 
^Gc and the two-dimensional sigma-model is the B-model with the target space AiJ^''{T,g) 
(j5.13p . The supersymmetry condition is equivalent to flatness of the complexified connections 
()6.15p . It is the phase space for the monodromy preserving equations related to the group ^G. 
The S-duality in the Yang-Mills Theory in d = 4 becomes the mirror symmetry between A- 
models with the target space A4'ff{Tjg^n) and B-models with the target space Mj^^CEg). In 
this way the Hitchin systems are dual to the monodromy preserving equations related to the 
dual groups (see Table 2 in Appendix). 

In the A-model the natural operators are the t'Hooft operators. They correspond to singular 
configurations of the gauge field on a line or on a loop in d = 4. In the abelian case Gc = U{1) 
they are defined as Dirac monopole configuration (jT.lip . In the non-abelian case with a compact 
gauge Gc we define a singular gauge transform using the map tc : — > Gc. Since tc is defined 
up to conjugations consider the map tc ■ U{1) —> Tc in a Cartan torus Tc C Gc- Continue 
tc to the holomorphic map of C* to the Cartan subgroup C* Tic of the complex group 
G. tc a co-character of G (|A.18p . In this way we come to the modification ()7.14p . This 
construction establish a connection between the t'Hooft operators in the Yang-Mills theories 
and the Symplectic Hecke Correspondence in the Hitchin Systems. 

The S-dual to the t'Hooft operators are the Wilson operators in Yang-Mills theory with 
the group ^Gc \38\ I39j . We will not discuss here their implications in the theory of Integrable 
systems. 

Another important class of singular operators that related to this theory - singular operators 
on two-dimensional surfaces transversal to T,g [HlllG]. Some special types of these operators 
correspond to coadjoint orbits at the marked points of T,g. They are related to the spin variables 
at the marked points. It was explained in [15] that in a neighborhood of a marked point the 
Hitchin equations can be written in the form of the Nahm equations. In this way the part of 
the phase spaces related to the spin variables can be described in terms of the moduli space of 
solutions of the Nahm equation. 

Summarizing we repeat the correspondence between objects in gauge theories and classical 
integrable systems. 

^Because E is a standard notation for basic spectral curves, our notations are opposite to [Tl], where E is 
denoted as C and C as E. 
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Yang — Mills theory 



Integrable systems 



Gauge group 
2d surface 
Higgs fields 
t'Hooft operators 
Rigid surface operators 
Moduli parameters 
Super symmetry conditions 
S — duality 



Hidden symmetry 
Basic spectral curve 
Lax operators 
Modification 
Spin variables 
Coordinates of particles 
Hitchin equations 
Duality between Hitchin systems 
and monodromy preserving equations 
for dual groups 



9 Appendix. A piece of group theory [401 141] 

Let be a Lie algebra of a simple complex Lie group G, S) its Cartan subalgebra, (dim is 
a rank of G). Let ^* be a dual to ^ space, and ( , ) is a pairing between ^ and ?)* . A finite 
system of vectors R = {a} in ?)* is called a root system, if 

1. R generates 9)*; 

2. For any a £ R there exists a coroot £ such that (a, a^) = 2 and the reflection in S^* 

Sa '■ X i—>- X — {x,a^)a (A-l) 

preserving R; 

3. (/3,a^) G Z for any p e R; 

4. For a £ R na G R iS n = ±1. 

The dual system i?^ = {a^} is the root system in Sj. The group of automorphisms of Sj* 
generated by reflections (jA.ip is the Weyl group W{R). The groups W{R) and W{R^) are 
isomorphic. 

Define a basis 11 = (ai, ...,«;) of simple roots in R such that any a G i? is decomposed in 
this basis as 

I 

a = Y^ n'^aj , mj e Z , (A.2) 
i=i 

and all mj are positive (in this case a is a positive root), or negative (a is a negative root). In 
other words the root system is an union of positive and negative roots R = R'^ U R~ . 

Let S^ be an algebra of polynomials on invariant with respect to T^-action. There exists 
a basis in 5^ of / homogeneous polynomials of degrees di = 2,d2, ■ ■ ■ ,di. The degrees are 
unequally defined by the root system R. The number of roots can be read off from the degrees 

«i? = 2^(di-l). (A.3) 

i=l 

Let Q = X]"=i"'jOj, {nj G Z , G H) be a root lattice in S)* . The simple coroots 
n"^ = {a)[, . . . , a^) generate the coroot lattice in ^ 

n 

Q"" = ^n^a] C^. (A.4) 
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The fundamental weights wj £ Sj* , {j = 1, . . . ,n) form a dual basis in Sj* {wj,a^) = 5jk- 
They generate the weight lattice P = X]j=i '^j'^j C i^*. In other words, P is dual to the coroot 
lattice . Similarly, the coweight lattice 



= ^ rujw) , TTij G Z , (roj, Ofc) = 6jk ■ (A.5) 

This lattice is dual to the root lattice Q. 

Root decomposition 

The algebra g has the root decomposition 

5 = ^ + i2, ^ = Y,cpEp, c^eC. (A.6) 

Here c^-B/j are root subspaces. It follows from (|A.3p that 

I 

dim 5 = ^(2d, - 1) . (A.7) 

i=l 

The Chevalley basis in q is generated by 

{Ef3^ , (3jeR, H^, =al& n^} . (A.8) 

To construct the basis consider Hc^, = a^, E±a^, [aj G II). They generate the basis for the 
whole algebra. The commutation relations for these generators take the form 

(a) [Ea^, —Ea^] = Ha,. , gx 
{Hi) [Ha,^,E±a,] = ±ajkE±a, , 

(iv) (ad(i?±„Ji-»^H^±a,) =0, (i^j). 

Let i? be a Borel subgroup of G. It is generated by Cartan subgroup of G and by negative 

root subspaces exp {J2aeR- ^q)- The coset space Fl = G/B is called the flag variety. It has 
dimension (see (|A.3P ) 

I 

dim Fl = ^{dj - 1) . (A. 10) 
i=i 

The coadjoint orbits 

O = {Ad*gSQ \g £G, Sqis afixed element of q*} . (A. 11) 

is a generalization of a cotangent bundle to the flag varieties, H and for generic orbits 

I 

dim = 2^(^^ -1). (A.12) 



It is a cotangent bundle if So is a Jordan element. If 5*0 is semisimple,then O is the so-called torsor over Fl. 



27 



Characters and cocharacters. 

Let H he a Cartan subgroup H C G. Define the group of characters H 

TiG) = {x : n^C*}. (A.13) 

This group can be identified with a lattice group in f)* as follows. Let x = (xi, X2, ■ ■ ■ ,xi) be an 
element of S), and exp 27rzx E TC. Define j £ S)* such that 

X = exp 2TTi{j, x) G r(G) . (A.14) 

This map is well defined only for discrete values of 7. For example, for G = SL(2,C) TC = 
diag(exp 27rix,exp —27rix), where < x < 1. Then x = exp 27rikx, where /c G Z. For G"''^ = 
SL(2,C)/diag(-l, -1) x = exp lirikx, where k G 2Z. 

Let G be the universal covering group of G and G"''^ is the adjoint group {G"''^ = G/Z{G) , 
Z{G) is a center of G). Let be a subgroup of Z{G) such that G, or in more details, Gi is a 
factor-group 

G = G, = G/w. (A.15) 

It means that nontrivial groups G 00 G"'^, G can arise only in An-i (n is not prime) and D„ 
cases. 

Characters of G and G"*^ are 

r(G) = p, r(G,,) = g, (A.ie) 

and r(G"'^) C r(G) C r(G). The fundamental weights Wk {k = 1, . . . ,n) (simple roots q^) 
form a basis in r(G) {T{Gad))- Let p be a divisor of ord{Z{G)) such that / = ord{Z{G))/p. 
Then the lattice r(G) is defined as 

r(G) = Q + w, pweQ. (A.17) 

Define the dual groups of co-characters t(G) = r*(G) as holomorphic maps 

t{G) = {C*^n}. (A.18) 

In another way t(G) is defined as the kernel of the exponential map exp : Sj ^ TC 

t(G) = {x G ^ I exp (27rix) = 1} . (A.19) 

We find from ()A.16P that the groups t{G) and t{G°''^) are the coroot and the coweight lattices 

t{G) = Q\ t{Gad) = P''. (A.20) 

Thus a generic element of t[G) takes the form 

z'^ = exp 27ri7lnz G 7 G P"^ or Q"^ . (A.21) 

In the intermediate case we have t{G) C t{G) C t(G"'^). It follows from (jA.lTp that 

t{Gi) = Qi' + w'^ , Iw"" eQi' . (A.22) 



The holomorphic maps of Ti to C* such that x{hih2) = x{h'^)xih2) for hi, h2 G Tt. 
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It follows from (|A.9p . that Adt^ 

=exp 27747 (x) — ^'^^ ^ ^ -P^. On the other hand <^ is a 
nontrivial element in G and C, = 1 vn G"''^ (see (|A.19p and (|A.20p ). Therefore, 

C = exp 2-Ki-f G Z{G) for 7 G P"^ . (A.23) 

In fact, 

Z(G) = P^/t(G) ~ P^/Q^ . (A.24) 
In general, the center Z{G) of G is 

Z(G) ~ P'^/t(G) = . (A.25) 
All groups except of G2, P4 and £^8 have nontrivial centers. 

Table 1 

Centers of universal covering groups 

{^iN = Z/iVZ) 



G 


Lie (G) 


Z{G) 


SL(n,C) 


An-l 




Spin2n+i(C) 


Bn 


^2 


Sp„(C) 


Cn 


A^2 


Spin4„(C) 


D2n 


/^2 © /W2 


Spin4„+2(C) 


D2n+1 


/U4 


E^iC) 


Eq 


^3 


E7{C) 


Ej 


M2 



The root system i? of a Lie algebra 3 = Lie{G) , the group of characters r(G) and cocharacters 
t{G) are called the root data. A Langlands dual to G group ^G is defined by the root data 
and 

t{^G) ~ r(G) , r(^G) ~ t{G) . (A.26) 
If Gi = G/^iu then ^G; = Gp = G / ^ip, where = ord{Z{G)). In particular, ^G = G"'^. 



Table 2 
Duality in simple groups 



Root system 


G 


^G 


an-, N = n + 1 = pi 


G; = SL(iV,C)/w 


Gp = SL{N,C)/fXp 


bn 


Spin(2n + 1) 


Sp(n)//i2 




Sp(n) 


S0(2n + 1) 




Spin(4/ + 2) 


S0(4/ + 2)/fi2 




S0(4/ + 2) 


S0(4/ + 2) 


dai 


Spin(4/) 


SO(40/^2 




S0(4/) 


S0(4/) 




Spin^(80 


Spin^(80 




Spin«(8/) 


Spin^(8/) 


dii+2 


Spin^(8m + 4) 


Spin^(8m + 4) 


92 


G2 


G2 


k 


F4 


F4 


66 


Eq 




67 


Ej 


E7/H2 


68 


Eg 


Es 
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